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Outline of the course

@ 1 - Introduction: a review of additive manufacturing
@ 2 - Parametric optimization and the adjoint method
@ 3 - Geometric optimization and Hadamard method
@ 4 - Topology optimization and the level set method
@ 5 - Typical constraints from additive manufacturing
@ 6 - Optimization of lattice materials

@ 7 - Coupled shape and laser path optimization

A "hot” topic with a lot of room for new ideas and modeling...
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Outline of the third chapter

Chapter 3 - Geometric optimization and Hadamard method

| - Introduction and setting
Il - Shape parametrization: Hadamard method

Il - Example of shape derivatives

IV - Numerical algorithm and results

G. Allaire, Conception optimale de structures, Mathématiques et
Applications, Vol. 58, Springer (2007).

G. Allaire, C. Dapogny, F. Jouve, Shape and topology
optimization, in Geometric partial differential equations, part II, A.
Bonito and R. Nochetto eds., pp.1-132, Handbook of Numerical
Analysis, vol. 22, Elsevier (2021).

G. Allaire, et al. Topology optimization and additive manufacturing



| - Introduction and setting

Model problem: a membrane is occupying a variable domain Q in
RN with boundary
0Q=Tulyurlp,

where T # () is the variable part of the boundary, ['p # 0 is a fixed
part of the boundary where the membrane is clamped, and 'y # ()
is another fixed part of the boundary where the loads g € L?(Ty)
are applied.

—Au = in Q
u=20 onlp
%:g on Iy
gu—-0 onT

(No bulk forces to simplify)
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Boundary variation in geo

G. Allaire, et al.

[m]

Topology optimization and additive manufacturing

DA



Shape optimization of a membrane

Geometric shape optimization problem

inf Q
QIGnUadJ( )

We must defined the set of admissible shapes U,y. That is the
main difficulty.
Examples:

e Compliance or work done by the load (rigidity measure)
J(Q) :/ guds
Y
@ Least square criterion for a target displacement uy € L?(Q)

J(Q)—/ lu — up|2dx
Q

where u depends on € through the state equation.
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Existence of optimal shapes

In full generality, there does not exist any optimal shape !

Existence under a geometric constraint.

°

@ Existence under a topological constraint.
@ Existence under a regularity constraint.
°

Counter-example in the absence of these conditions.
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Il - Shape parametrization: Hadamard method

@ How to represent or parametrize shapes ?
@ How to define the set U/,4 of admissible shapes ?

@ How to compute gradients with respect to shapes ?

One possible approach: fix a Lipschitz reference domain £ and
consider only deformations of g by diffeomorphisms T.

A space of diffeomorphisms (or smooth one-to-one map) in RV
T = {T such that (T — Id) and (7! - 1d) € WLOO(R’V;R’V)} :

(They are perturbations of the identity Id: x — x.)
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Diffeomorphisms

Definition of W>°(RN;RN). Space of Lipschitz vectors fields:

[ RV — RN
PUx = e
1l oo (mr,rMy = Suﬂf (o) ry + [VO(x)[grxn) < 00
xERN

Define a space of admissible shapes as

Uad(0) = {Q such that there exists T € T,Q = T(Q)}.
@ Each shape Q is parametrized by a diffeomorphism T (not

unique !).

@ All admissible shapes have the same topology.
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Hadamard method

Recall that the considered diffeomorphisms T are perturbations of
the identity.
Therefore, we restrict ourselves to diffeomorphisms of the type

T=1d+6 with 6c WL°RN,RV)
Idea: we differentiate 6§ — J((Id + 6)Qo) at 0.

Remark. This approach generalizes the Hadamard method of
boundary shape variations along the normal: Qg — Q; for t > 0

o0, = {Xt eRY | 3x € 0Q0 | % = x0 + t g(x0) "(XO)}

with a given incremental function g.

G. Allaire, et al. Topology optimization and additive manufacturing



Geometrical interpretation

Q e-mmmTmm=- = (1009,

-

The shape Q = (Id + 0)(Qyo) is defined by
Q={x+6(x)| xeQ}.

Thus 6(x) is a vector field which plays the role of the
displacement of the reference domain Q.
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Diffeomorphisms

Lemma. For any § €¢ WL °(RN; RV) satisfying
|01l w00 mn:myy < 1, the map T = Id + 6 is one-to-one into RN
and belongs to the set 7.

Proof. Exercise !
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Definition of the shape derivative

Definition. Let J(Q2) be a map from the set of admissible shapes
U,d(Qo) into R. We say that J is shape differentiable at Qg if the
function

6 — J((1d+ 6)(Q0))

is Fréchet differentiable at 0 in the Banach space W>°(RN;RN),
i.e., there exists a linear continuous form L = J'(Qg) on
W2 (RN: RN) such that

J((1d+6)(Q0)) = J(Q0)+L(0)+0(f) , with lim @) _ ¢

J'(Q) is called the shape derivative and J'(€20)(#) is a directional
derivative.
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Property

Proposition. Let Qg be a smooth bounded open set of RV, Let J
be a differentiable map at Qg from U,4(€2) into R. Its directional
derivative J'(€0)(6) depends only on the normal trace on the
boundary of 0, i.e.

J'(Q0)(61) = J'(R0)(62)
if 01,0, € CH(RN; RV) satisfy
01-n=06>-n on 0.

X+6(x)
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Hadamard structure theorem

Proposition (loose statement). Let Qg be a smooth bounded
open set of RV, Let J be a differentiable map at Qg from ,4(Q0)
into R. Its directional derivative can be written

J(Q0)(0) = / i(x)0-nds

0o

for some distribution j on 0.
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[l - Example of shape derivatives

Lemma. Let y be a smooth bounded open set of RN,
f(x) € WHL(RN) and J the map from U,q(Qp) into R defined by

Then J is shape differentiable at g and

J(Q0)(0) = / div(6(x) f(x)) dx = 0(x) - n(x) f(x) ds

QQ 890
for any 6 € W1°(RN; RN).

Remark. To prove the lemma, the safest way (but not the easiest)
is to make a change of variables to get back to the reference
domain Q.
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Intuitive proof

([+6)Q ¢

Surface swept by the transformation: difference between
(Id + 0)Q and Qo ~ 9 x (9 : n)_ Thus

/(mmo f(x) dx = /QO f(x) dx + /mo f(x)0 - nds + o(6).
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Derivative of a surface integral

Lemma. Let Q be a smooth bounded open set of RV,
f(x) € W2L(RN) and J the map from C() into R defined by

J(Q) :/ f(x) ds.
o0
Then J is shape differentiable at Qg and

J(Q0)(8) = /69 (VFf-0+ f(dive —V6n-n))ds

for any 6 € W1°(RN:RN). By a (boundary) integration by parts
this formula is equivalent to

J(Q0)(0) = /mo 0-n <gz + Hf> ds,

where H is the mean curvature of 0y defined by H = divn.
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Derivation of a function depending on the shape

This is tricky ! Let u(£2, x) be a function defined on the domain Q.
There exist two notions of derivative:
1) Eulerian (or shape) derivative U

u((Id + 0)Q0, x) = u(Qo, x) + U(0, x) + o(0)

OK if x € Qo N (Id + 0)Qp (makes no sense on the boundary).

2) Lagrangian (or material) derivative Y
We define the transported function u(6) on Qg by

u(f,x) =uo(Id+0) = u(( Id + 6)Q0, x + 9(X)> Vx € Q.
The Lagrangian derivative Y is obtained by differentiating (6, x)
u(0,x) =1u(0,x)+ Y(0,x)+ o(6)

This is more rigorous and less prone to errors.
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Fast derivation: the Lagrangian method

@ To prove that the solution of a p.d.e. is shape differentiable
and to find the formula for its derivative is always tedious.

@ Instead, J. Céa proposed a simpler and faster (albeit formal)
method, called the Lagrangian method that we use in the
sequel.

@ The Lagrangian allows us to find the correct definition of the
adjoint state too.

@ The Lagrangian yields the shape derivative of an objective
function without knowing the shape derivative of the solution
of the p.d.e.

@ It is easy for Neumann boundary conditions, a little more
involved for Dirichlet ones.
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Neumann problem

We consider the shape optimization problem

inf J(Q):/Qj(u)dx

QeUsy
with u = u(Q) the solution in H*(Q) of

—Au+u=f inQ
%:g on 09,

with f € HY(RN) and g € H2(RN).

The variational formulation is: find u € H(Q) such that, for any

¢ € HY(Q),

/Q(Vu-ng+ugb)dx:/Qfgbdx+/mg¢ds
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Fast derivation for Neumann boundary conditions

Crucial point: if Q is Lipschitz, then
HY(Q) = {% with ¢ € Hl(RN)}

The Lagrangian is defined as the sum of J and of the variational
formulation of the state equation

E(Q,ﬁ,ﬁ):/j(ﬁ)dx+/ (va.v,s+a,3—f,a)dx—/ gpds,
Q Q o0
with @ and p € HY(RN).

It is important to notice that the space H'(R") does not depend
on  and thus the three variables in £ are clearly independent.

G. Allaire, et al. Topology optimization and additive manufacturing



Lagrangian or adjoint method

We compute the three partial derivatives of the Lagrangian
L(R, i, p).

The partial derivative of £ with respect to p in the direction
¢ € HY(RN) is

oL
op

<>

(5,

,ﬁ),¢>=/ﬂ(vaw+a¢f¢)dx/mg¢ds,

which, equal to 0, gives the variational formulation of the state u.

The partial derivative of £ with respect to v in the direction
¢ € HY(RN) is
oL
Q. 0.b _
Go@.0.p.0) = [

Q

J'(0)¢ dx + /Q (w) -Vp+ qbﬁ) dx,

which, equal to 0, gives the variational formulation of the adjoint p.

G. Allaire, et al. Topology optimization and additive manufacturing



Lagrangian or adjoint method (ctd.) X

The partial derivative of £ with respect to Q2 in the direction @ is

oL n N A An . O(gp N
“2(Q, 4, p)(6) = / 0-n(j(0)+Via-Vp+ap—fp— (8h) — Hgp) ds.
GQ o0 8n

When evaluating this derivative with the state u(€2) and the adjoint
p(2), we precisely find the derivative of the objective function

Proposition. The shape derivative of the objective function is

2(@)(0) = 25 (9, u(@), (@) 0)
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Proof of the proposition

Proof. Indeed, if we differentiate the equality
L(Q,u(Q),p)=J(Q) Vpe H(RY),
the chain rule lemma yields

J(9)(0) = 959, u(@), B)6) + (9 (2, u(52) 5). v (Q)(6)

Taking p = p(Q), the last term cancels since p(2) is the solution
of the adjoint equation.

Thanks to this computation, the “correct” result can be guessed
for J'(Q2) without using the notions of shape or material
derivatives.

Nevertheless, this “fast” computation of the shape derivative J'(2)
is rigorously valid only if u is known to be shape differentiable.
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Fast derivation for Dirichlet boundary conditions

It is more involved ! Let u € H}(Q) be the solution of

/Vu-v¢dx=/f¢dx V¢ € H}(Q).
Q Q

The “usual” Lagrangian is

j(a) dx+/

A (Va Vp— f,s) dx,

£@.6.5)= |

Q

for 0, p € H3(Q). The variables (€, 4, p) are not independent !

Indeed, the functions & and p satisfy
g =p=0 onoQ.
Another Lagrangian has to be introduced.
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Lagrangian for Dirichlet boundary conditions

The Dirichlet boundary condition is penalized
£(9, 8,5, \) :/j(a) dx_/(Aa+f),sdx+ Aiids
Q Q a0

where X\ is the Lagrange multiplier for the boundary condition. It is
now possible to differentiate since the 4 variables i, p, A € H'(RN)
and 2 are independent.

Of course, we recover

J(u)dx=J(Q) if i=u,

pA +00 otherwise.
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Lagrangian for Dirichlet boundary conditions (ctd.)

By definition of the Lagrangian:

1) the partial derivative of £ with respect to p in the direction
¢ € HY(RN) is

<Zﬁ(97 a,p, ), ¢) = —/Q¢<Aﬁ+f>dx,

which, equal to 0, gives the state equation,

2) the partial derivative of £ with respect to A in the direction
¢ € HY(RN) is

oL, . o
<a(Q7 U,p,)\),¢> - 8Q¢UdX7

which, equal to 0, gives the Dirichlet boundary condition for the
state equation.
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Lagrangian for Dirichlet boundary conditions (ctd.)

3) To compute the partial derivative of £ with respect to u, we
perform a first integration by parts
o
()\ﬁ - ﬁ) ds,

(Vi-Vp—Fp) dx+ / o

o

£(Q, 0,5, \) = /Q (@) dxt /

Q

then a second integration by parts

o0 . op
L(Q,8,5,\) = /j(a) dx—/(ﬁAﬁ—fﬁ) dx—l—/ <)\ﬁ el pa) ds.
Q Q o0 on n

We now can differentiate in the direction ¢ € H(R")

oL A A o (A b A6¢ 8'6

which, equal to 0, gives three relationships, the two first ones
being the adjoint problem.
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Lagrangian for Dirichlet boundary conditions (end)

@ If ¢ has compact support in 2, we get
—-Ap=—j'(u) in Q.
@ If ¢ =0 on 9N with any value of % in L2(09), we deduce
p=0 on 09

@ If ¢ is now varying in the full H(Q), we find

@4—)\:0 on O0f2.
on

The adjoint problem has actually been recovered but furthermore
the optimal Lagrange multiplier A has been characterized.
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Shape derivative for Dirichlet boundary condition

4) Eventually, the shape partial derivative is

(ol ﬁ,ﬁ,)\)(e):/me-n(j(ﬁ)(A0+f)ﬁ 6(;)\)+H A)d

Proposition. The shape derivative of the objective function is

J(©)(0) = 55 (2, u(@ ),p(m,A)(e)

Knowing that u = p =0 on 9Q and A = — 32 we deduce
. Ou dp
/ f— . —_— — —
@) = [ _o-n(j0) -5 an)d
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Proof of the proposition

Proof. We differentiate the equality
L(Q,u(Q),p,A) =J(Q)  VpAeH'(RY),
the chain rule lemma yields

oL oL

J()(0) = 562, u(R), 5, A)(0) + (5(2, u(Q), p, 1), u'(2)(9))

Taking p = p(2) and A optimal, the last term cancels since p(Q2)
is the solution of the adjoint equation and % +A=0.

Again, this “fast” computation of the shape derivative J'(Q) is
rigorously valid only if u is known to be shape differentiable.
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V - Numerical algorithm and results

Let t > 0 be a given descent step. We compute a sequence
Q€ Uag by

@ Initialization of the shape Q.

@ lterations until convergence, for k > 0:
Qk+1 = (Id + Qk)Qk with 0, = t(jk — Kk)n,

where n is the normal to the boundary 99, and ¢, € R is the
Lagrange multiplier such that 4,1 satisfies the volume

constraint. The shape derivative is given on the boundary Iy
by

J(92)(0) = —/re-njk ds
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Application to linearized elasticity

Free boundary I'. Fixed boundary 'y and 'p.

—dive =0 in Q
o =2ue(u) + Atr(e(v))Id inQ
u=20 onlp
on=g on My
on=20 on T,

with e(u) = (Vu+ (Vu)?)/2. Compliance is minimized
J(Q) :/ g - udx.
My
In such a (self-adjoint) case we get
7()(6) = —/9 0 (2ule(u) 2 + A(tre(u))?) ds.
r
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Cantilever example

Boundary conditions for an elastic cantilever: I'p is the left vertical
side, Iy is the right vertical side, and I (dashed line) is the
remaining boundary.
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Mesh deformation X

To change the shape we need to automatically remesh the new
shape, or at least to deform the mesh at each iteration.

e Displacement field 6 proportional to n (normal to the
boundary), merely defined on the boundary.

@ In such a case we have to extend 6 inside the shape.

@ We need to check that the displaced boundaries do not cross...

@ Nevertheless, in case of large shape deformations we must
remesh (it is computationally costly).

@ Often the algorithm stops before convergence because of
geometrical constraints.

FreeFem++ computations ; scripts available on the web page
http://www.cmap.polytechnique.fr/~allaire/cours X annee3.html
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Numerical example for the cantilever:

optimal” shape (right)

)

initial shape (left
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@ Convergence in 20 iterations.

@ Global or local minimum ?

@ No topology changes.

Topology optimization and additive manufacturing
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Cantilever with 7 holes

Numerical example for the cantilever

I shape (right)

“optima

left)

(

| shape

initia

@ No convergence ! Rather, problem with a thin bar...

Inmmum

@ One more local m
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